We give a brief overview of the recent advances in nonlinear singular optics that studies the propagation and stability of optical vortices in nonlinear media, with the emphasis on the properties of vortex solitons and rotating azimuthons. In general, self-focusing nonlinearity generates the azimuthal instability of vortex beams, but it can support novel types of stable (or metastable) self-trapped beams with a finite angular momentum, such as ring-like necklace beams and soliton clusters. In particular, we describe azimuthons and multi-vortex solitons which provide the generalization of the LaguerreGaussian and Hermite-Gaussian optical beams and demonstrate that many of such vortex-carrying beams can be stabilized in the media with nonlocal nonlinear response.
Introduction
Singular optics is associated with the study of phase singularities in optical beams [1] . In self-focusing nonlinear media, singular optical beams such as optical vortices are the spatially localized self-trapped modes carrying a nonzero angular momentum, also known as vortex solitons [2] . In all conservative nonlinear media with a local response, the vortex solitons are known to experience the symmetry-breaking azimuthal instability, and they decay into several fundamental solitons [3] . However, recent numerical [4, 5] and experimental [6] studies revealed that spatially localized vortex solitons can be stabilized in self-focusing nonlinear media when the vortex symmetry-breaking instability is eliminated by a nonlocal nonlinear response. It is believed that nonlocal nonlinear response provides a key physical mechanism for stabilization of different types of higher-order spatial solitons, including ring-like necklace beams [7] , multi-mode soliton clusters [8] , and modulated vortices -azimuthons [9] .
As was demonstrated recently, stable rotating azimuthons become possible when the nonlocality parameter exceeds a certain threshold value [10, 11] . The simplest example of such multipole solitons is a dipole-like structure composed of two interacting fundamental beams with the opposite phases that undergo angular rotation during the propagation [12, 13, 14] . However, novel experimental results on the generation of dipole, tripole, quadrupole solitons, and necklace beams [15] suggest that a variety of possible multi-soliton bound states in nonlocal media remains largely unexplored. In particular, a very important and interesting issue is the coexistence of multi-soliton clusters of different geometries [16, 17] .
The paper is organized as follows. In Sec. 2 we introduce our models which is applicable for both local and nonlocal nonlinear response. Next, in Sec. 3 we describe briefly several types of vortex-like and multipole self-trapped optical beams in nonlinear media with self-focusing nonlinearity, including spatially localized optical Topologica Vol. 2, 2009 vortices, rotating soliton clusters, and modulated vortices or azimuthons. Section 4 is devoted to the study of the stabilization of vortices and azimuthons by nonlocal nonlinear response. Finally, in Sec. 5 we describe soliton necklaces and matrices constructed analytically and numerically using the generalized Hermite-Laguerrenonlocal beams. We then discuss nontrivial dynamical transformations between the soliton clusters of different geometries.
Spatial optical solitons
Propagation of laser beams in isotropic nonlinear optical media is described by the well-known nonlinear Schrödinger (NLS) equation [2] ,
where E is the electric field envelope, ∆ ⊥ = ∂ 2 /∂x 2 + ∂ 2 /∂y 2 is the transverse Laplacian, and z is the propagation distance (in units of the diffraction length L D ). Function F (I) ≥ 0 describes the nonlinear properties of an optical medium, and it is assumed to depend on the total beam intensity, I ≡ |E| 2 . For low powers, we have F = I that characterizes the so-called Kerr nonlinearity. The parameter δ stands for the type of nonlinearity: self-focusing (δ = 1) or self-defocusing (δ = −1).
Local approximation for the nonlinear response becomes inaccurate when the induced change of the refractive index at a given spatial location also depends on the light intensity in the vicinity of the given point. The known mechanisms of optical nonlocality include orientational nonlinearity in liquid crystals [18] , diffusion of carriers in photorefractive crystals [19] , ballistic transport of optically excited atoms in resonant gases [20] , and diffusion of heat in thermal media [21] . Another example of a nonlocal nonlinear system is long-range dipole interaction between atoms in Bose-Einstein condensates [22] .
To describe the nonlocal nonlinear response we use the convolution integral [23] in Eq. (1),
where the nonlocal response function K describes the properties of the medium and includes the characteristic nonlocality scale parameter, which we denote as σ. Below, we consider a phenomenological model where the nonlocality kernel is chosen to be Gaussian, K(r) = (1/πσ 2 ) exp −r 2 /σ 2 , so that the case σ → 0 corresponds to the local Kerr model.
In a self-focusing medium, diffraction can be compensated by a nonlinear response of the medium, and a balance between these counter-acting effects corresponds to the formation of a stationary state, or a spatial optical soliton. Spatial optical solitons are stationary spatially localized solutions of the NLS equation (1) which do not change their intensity profile during propagation. Such a definition covers many different types of stationary beams with a finite power and, in general, the spatial solitons can be found in a generic form,
where the real functions U and ψ are the amplitude and phase, respectively, and k is the propagation constant. Substituting Eq. (3) into Eq. (1), we arrive at the system of coupled equations for the soliton amplitude and phase,
Solutions to the system (4), (5) localized in both transverse dimensions and with a spatially homogeneous phase, e.g., ψ = 0, should possess a radial symmetry, i.e.
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Vol. 2, 2009 (a) (c) (d) (b) U (x, y) = U (r), where r = x 2 + y 2 . Such solutions are similar to the LaguerreGaussian beams with zero azimuthal index LG n0 and include the fundamental (bellshaped) soliton for n = 0 and higher-order modes with several rings surrounding the central peak for n ≥ 1. The main parameter characterizing the spatial soliton is its power, P = |E| 2 dr = U 2 dr, being the integral of motion associated with phase invariance of Eq. (1). Radial modes with n-rings in the intensity profile, U n , belong to the different branches of the dependance P (k), i.e. they form a discrete set of soliton families, P n (k).
A novel class of spatially localized beams in self-focusing nonlinear media, associated with the rotation of the field phase, was introduced by Kruglov et al. [24] . The beam phase has a spiral structure with a singularity at the origin representing a phase dislocation of the wave front in the form of an optical vortex ψ = mϕ [1] . Substituting this expression into Eqs. (4), (5) we obtain
where the radially symmetric amplitude U (r) vanishes at the center, U ∼ r |m| at r → 0, similar to the Laguerre-Gauss beams LG nm . At the same time, the beam remains localized, i.e. its intensity decays at infinity as U → exp(− √ kr)/ √ r at r → ∞. In contrast to the diffracting Gaussian beams, also solutions to Eq. (1) but with δ = 0, the spatial vortex solitons maintain the initial profile during the propagation, see Fig. 1 (d) . The rotation velocity should be quantized by the condition of the field univocacy and therefore m is integer. The winding number, or topological charge m, distinguishes azimuthal higher-order stationary states, in addition to the radial modes, so that the full set of radially-symmetric vortex soliton families can be denoted by P nm (k), with radial and azimuthal quantum numbers n and m. The important integral of motion associated with this type of the solitary waves is the beam orbital angular momentum,
which can be expressed through the soliton amplitude and phase, M = ∂ψ ∂ϕ U 2 dr. Vortex solitons carry the orbital angular momentum M = mP nm .
Despite the similarities between radially-symmetric vortex solitons and LaguerreGaussian beams no further analogy between linear and nonlinear modal beams can be made. Indeed, in nonlinear models the superposition principle does not apply and there are no methods known of how to construct higher-order solutions. Large amount of literature is devoted to the study of the dynamics and stability of higherorder nonlinear states, in particular the singular beams carrying optical vortices, see references in [3] . However, up to now, the advances and theoretical predictions about existence of novel solutions were based on the physical intuition rather then a developed methodology.
Nonlinearity brings several fundamental physical effects to the dynamics of optical vortices. First is the suppression of the diffraction through nonlinear self-
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Vol. 2, 2009 focusing which results in the spatial structures remaining localized during propagation. Second is the modulational instability which is usually regarded as a prerequisite for the existence of solitons while it makes the higher-order states, such as vortex solitons, unstable. In the next Section we describe several ways to suppress the instability of vortex solitons, in particular by the additional azimuthal modulation of the ring-like beams, which leads to the spatial rotation of these necklace-like structures.
Self-trapped rotating beams
As was shown in many studies [3] , the ring-like vortex beams in self-focusing media are subject to the azimuthal symmetry-breaking modulational instability, a specific type of transverse modulational instability similar to one which is responsible for filamentation of the beams and generation of trains of optical solitons [2] . The ringprofile vortex optical beams decay into a number of moving fundamental solitons, see Fig. 1(c) . Because the input beams carry the angular momentum given by Eq. (7), the splinters fly off the ring along the tangential trajectories. In the experiments, the excitation of the vortex beams is conducted by pumping the nonlinear media by suitable approximations of Laguerre-Gaussian modes and in theory the detailed stability analysis vortex solitons were developed in Ref. [25] . Stabilization of coherent vortex solitons against the azimuthal instabilities remains a major challenge in the physics of spatial vortex solitons. So far, no universal criterion has been suggested for the stability of vortex solitons and it should be addressed separately for different models. Several theoretical models were suggested which support stable vortex solitons, in particular the nonlocal nonlinear media [4, 5] , where the stable vortex soliton propagates without changes in its intensity profile, see Fig. 1 (d) .
Since the decay of the ring-profile vortex solitons is associated with the growing azimuthal modulation of their intensity and the symmetry-breaking instability, one may try to stabilize the ring structure by imposing the initial intensity and phase modulation. The azimuthally modulated rings resemble "optical necklaces" [7] and can be constructed by a suitable superpositions of Laguerre-Gaussian beams. The concept of necklace beams was developed [7] with numerical studies of the propagation of azimuthally modulated bright rings in Kerr medium. It was shown that, in contrast to all previous studies in this model, the self-trapped beams localized in transverse plain can preserve their shape during the propagation and escape the catastrophic collapse instability. It became possible if such beams are constructed as a "necklace" of the out-of-phase "pearls", each carrying the power less than critical power of catastrophic self-focusing. Each petal thus slowly diffracts, if it propagates alone, and this diffraction is greatly suppressed within the ring, because of collective self-trapping of the ring as a whole. Due to the repulsion between neighboring petals the ring expands self-similarly. Figure 2 shows the experimental data for the case in which an input beam in the form of a higher-order Laguerre-Gaussian mode was propagating in glass [26] . As expected, the beam diameter increased at low power because of diffraction in (B,E). As the beam power was gradually increased, the petal thickness decreased, because of self-focusing (C,F). Such self-trapped structures are remarkably stable and exist with the powers several times larger than the critical power at which a Gaussian beam would otherwise collapse because of self-focusing; they disintegrate for input intensities lower than the self-trapping intensity.
Another approach to construct stable or at least meta-stable vortex solitons is to consider necklace-type configuration in the collapse-free models, such as an optical media with saturable nonlinearity, F (I) = I/(1 + I) in Eq. (1). Instead of unstable necklace petals in Kerr media one deals with stable fundamental spatial solitons. Analysis of possible stationary configurations of N coherently interacting fundamental solitons in 2+1 dimensions leads to the conclusion that the only finiteenergy structures that would balance out the phase-sensitive coherent interaction of the neighboring solitons should possess a ringlike geometry. However, a ringlike configuration of N solitons will be radially unstable due to an effective tension induced by bending of the soliton array. Thus, a ring of N solitons will collapse, if the mutual interaction between the neighboring solitons is attractive, or otherwise expand, resembling the expansion of the necklace beams. Nevertheless, a simple physical mechanism provides stabilization of the ringlike configuration of N solitons, if an additional phase on the scalar field that twists by 2πm along the soliton ring is introduced. This phase introduces an effective centrifugal force that can balance out the tension effect and stabilize the ringlike soliton cluster. Because of a net angular momentum induced by such a phase distribution, such soliton clusters rotate with an angular velocity which depends on the number of solitons and phase charge m [8].
Azimuthons in nonlocal media
A novel class of spatially localized optical beams in nonlinear media, the so-called azimuthons, was introduced in Ref. [9] . Azimuthons provide an important missing link between the radially symmetric vortices and rotating soliton clusters through the continuous azimuthal modulation of the ring profile. The intensity of such states is a spatially localized ring modulated azimuthally, and the phase carries a screwtype dislocation; in contrast to the linear vortex phase Ψ = mϕ, the phase of the azimuthon is a staircase-like nonlinear function of the polar angle ϕ. In other words, higher-order spatial solitons can be described in terms of azimuthal deformations of the vortex solitons and the term "azimuthons" for these novel self-trapped states reflects their distinctive profile. We analyzed different families of such solutions in local [9] and nonlocal [10] media and demonstrated that the azimuthons are characterized by two independent integer numbers or azimuthal indices: the topological charge m and the number of the intensity peaks N . In addition, the visible rotation of azimuthons can be directed alongside or opposite to the direction of the energy flow determined by the chirality of phase dislocation (the sign of the topological charge m), see also Ref. [27] for analogous phenomena for linear diffracting beams. In particular, the "mechanical" rotation of the soliton cluster can be balanced out so that the energy flow is uniform along the ring, and in this case the truly stationary non-rotating states emerge.
The first assumption made to find azimuthon solutions is to allow their self- similar rotation [28] . Looking for a general class of self-trapped beams we considered solutions in the cylindrical coordinates rotating with the angular velocity ω: E = V (r, ϕ − ωz) exp(ikz). The envelope V satisfies the stationary NLS equation, cf. Eq. (1):
where k is the propagation constant in the rotating frame (r, θ) with θ = ϕ−ωz. For the vortex solitons, the correspondence between the laboratory frame (r, ϕ) and the rotating frame is defined by the relation k = k 0 + mω, where the angular velocity ω is an arbitrary parameter. As mentioned above, there is no general method to construct the solutions to Eq. (8) . The method of separation of variables is a widely used approach that allows one to find self-similar solutions for both the fundamental and vortex solitons, when the nonlinearly-induced potential has a simple form, such as a radially symmetric shape F (R 2 ). However, this method does not provide solutions for potentials F (|V | 2 ) that nontrivially depend on both transverse coordinates. Nevertheless, very accurate approximate solutions predicting the existence and unusual properties of novel azimuthally-modulated states can be found analytically employing the standard variational method [29] with the ansatz V (r, θ) = R(r)U (θ). Figure 3 demonstrates the radial envelopes R(r) in (a) and azimuthal envelopes U (ϕ) = Φ(ϕ) exp (iΨ(ϕ)) in (b) for the four-lobe azimuthon in Kerr medium, as well as the quasi-stable propagation of the three-lobe nonrotating azimuthon in saturable medium in Fig. 3 (c) .
One of the simplest multi-hump solitons predicted in nonlinear optics is a dipole-like structure composed of two interacting fundamental beams with opposite phases that undergo angular rotation during the propagation [2] . Such a localized structure can be viewed as a special type of strongly modulated single-charge vortex soliton or azimuthon and it can also be linked to the problem of soliton spiraling [3] . However, in spite of its broad applicability and deep physical context, the rotating dipoles are known to be always unstable in all types of realistic optical media with local response. We demonstrated [12] that such solitons can be stabilized in nonlinear media with nonlocal response when the nonlocality parameter exceeds some threshold value that decreases with the angular momentum and angular velocity, i.e. the dipoles rotating faster are more robust. The structure of dipole azimuthon can be well described with the ansatz
with the modulation parameter p ∈ [0, 1]. Figure 4 shows a continuous family of twolobe localized structures that extend from non-rotating dipole solitons with p = 0 in (a) to radially symmetric vortex solitons with p = 1 in (c) by continuous azimuthal transformations 0 < p < 1. Stable propagation of the rotating dipole soliton in nonlocal Kerr medium is illustrated in Fig. 4(d) .
Because the dipole soliton can be viewed as a special type of azimuthon [9] , we wonder if other types of multihump solitons can be stabilized by nonlocal nonlinearity. Figure 5 shows that spatial nonlocality allows to stabilize higher-order azimuthons against symmetry-breaking instability, as well as to increase their family with novel types of azimuthons which can only exist in nonlocal media [10] . We find that stable azimuthons with N peaks may exist when the nonlocality parameter exceeds a certain threshold value and, in a sharp contrast to local media [9] , their general condition for existence, N ≥ 2, becomes independent on the beam topological charge. The topological structure of azimuthons with N < 2m is presented by a circular array of N single-charge vortices with one additional dislocation at the origin with the charge given by the rule m − N , so that the total topological charge of azimuthon m is calculated as an algebraic sum of charges of all vortices.
Soliton matrices and beam transformations
The structure of azimuthons with regular patterns of several phase dislocations (see Fig. 4 ) suggests that in nonlocal media we can expect to find not only the bound states of simple fundamental solitons, such as soliton clusters and azimuthons, but also topologically nontrivial states with a rather complex energy flow. Moreover, recent experimental results [15] also indicate that there might be an analogy of higher-order spatial solitons with the linear waveguide modes, so that the notion of the diffracting Gaussian beams can be further expanded to the case of nonlinear media, at least in the limit of highly nonlocal nonlinear media. Being motivated by these observations, we have employed the linear optical Laguerre-Gaussian and Hermite-Gaussian waveguide modes to construct higherorder spatial solitons in nonlocal nonlinear media [16] in the form of the soliton clusters of different symmetries: necklace and matrix-like beams. We have identified novel types of these solitons as the Laguerre-nonlocal (LN nm ) and Hermite-nonlocal (HN nm ) spatial solitons with distinct differences in their symmetry. In this approach, the multiple-ring soliton necklaces LN nm are characterized by the number of radial nodes n and the topological index m. Similarly, the indices of the soliton matrices HN nm determine the number of nodes in two orthogonal directions and the total number of solitons within the cluster, N = (n + 1)(m + 1). Using the variational approach and numerical minimization of the error functional, we have found analytically and numerically broad classes of higher-order localized states and have demonstrated that only a few of them are energetically separated from each other. In general, localized states with different symmetries coexist, i.e., they have the same (or very similar) power and energy, as shown in Figs. 6(a)-(c) . While the lower-order energetically separated states (e.g., dipoles) become stable when the nonlocality pa-Topologica Vol. 2, 2009 rameter (or the beam power) exceeds a certain threshold value, the power of the higher-order solitons can coincide, so that nontrivial revivals and transformations are observed [see an example in Fig. 6(d)] .
Coexistence of the multi-mode solitons of different symmetries as well as their mutual transformations bring us to the idea that there exists a larger variety of self-trapped nonlinear states similar to the so-called generalized Hermite-LaguerreGaussian modes in linear media [30] . We have studied the propagation dynamics of such generalized beams in nonlocal nonlinear media and, as a specific example, we have found a tripole-like structure bearing a pair of coupled optical vortices, for which we have observed the stable rotation [17] .
Conclusions
We have presented a brief overview of our recent studies of self-trapped optical beams with a nonvanishing angular momentum in self-focusing nonlinear media. In the media with local nonlinear response, such higher-order spatial solitons demonstrate azimuthal instability that can be suppressed by the beam amplitude modulation with the formation of azimuthons, or can be removed completely in the media with nonlocal nonlinear response. We have described the classes of necklace-and matrixlike self-trapped beams as nonlinear stationary states by employing the variational approach based on the trial functions extending the generalized Hermite-LaguerreGaussian linear optical modes. We have studied the propagation of such generalized beams in nonlocal nonlinear media with the Gaussian response function.
We believe that the general approach developed here can be useful for analyzing many other types of multi-soliton and multi-vortex localized structures with nonzero angular momentum, and at least some of those structures are expected to be observed in experiments.
